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Fixed pointAbstract In this paper, we prove some ﬁxed point theorems for weakly compatible mappings in
fuzzy metric spaces employing common limit range property with implicit relations. We also furnish
some illustrative examples to support our main results. As an application to our main result, we
derive a ﬁxed point theorem for four ﬁnite families of self-mappings which can be utilized to derive
common ﬁxed point theorems involving any ﬁnite number of mappings. Our results improve and
extend a host of previously known results including the ones contained in the paper of Gopal
et al. (2011).
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In 1965, Zadeh [1] introduced the well-known concept of a
fuzzy set in his seminal paper. In the last two decades there
has been a tremendous development and growth in fuzzy
mathematics. In 1975, Kramosil and Micha´lek [2] introducedthe concept of fuzzy metric space, which opened an avenue
for further development of analysis in such spaces. Further,
George and Veeramani [3] modiﬁed the concept of fuzzy met-
ric space introduced by Kramosil and Micha´lek [2] with a view
to obtain a Hausdoroff topology on it. Fuzzy set theory has
applications in applied sciences such as neural network theory,
stability theory, mathematical programming, modeling theory,
engineering sciences, medical sciences (medical genetics,
nervous system), image processing, control theory, and
communication.
Mishra et al. [4] extended the notion of compatible
mappings to fuzzy metric spaces and proved common ﬁxed
point theorems in presence the of continuity of at least one
of the mappings, completeness of the underlying space and
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Singh and Jain [5] weakened the notion of compatibility by
using the notion of weakly compatible mappings in fuzzy met-
ric spaces and showed that every pair of compatible mappings
is weakly compatible but reverse is not true. Many mathema-
ticians used different conditions on self-mappings and proved
several ﬁxed point theorems for contractions in fuzzy metric
spaces (see [6–16]). However, the study of common ﬁxed points
of non-compatible mappings is also of great interest due to
Pant [17]. In 2002, Aamri and Moutawakil [18] deﬁned a prop-
erty (E.A) for self-mappings which contained the class of non-
compatible mappings in metric spaces. In a paper of Ali and
Imdad [19], it was pointed out that property (E.A) allows
replacing the completeness requirement of the space with a
more natural condition of closedness of the range. Afterward,
Liu et al. [20] deﬁned a new property which contains the prop-
erty (E.A) and proved some common ﬁxed point theorems
under hybrid contractive conditions. It was observed that the
notion of common property (E.A) relatively relaxes the
required containment of the range of one mapping into the
range of other which is utilized to construct the sequence of
joint iterates. Subsequently, there are a number of results
proved for contraction mappings satisfying property (E.A)
and common property (E.A) in fuzzy metric spaces (see [21–
28]). In 2011, Sintunavarat and Kumam [29] coined the idea
of ‘‘common limit range property’’ (also see [30–35]) which
relaxes the condition of closedness of the underlying subspace.
Recently, Imdad et al. [36] extended the notion of common
limit range property to two pairs of self-mappings which
relaxes the requirement on closedness of the subspaces. Several
common ﬁxed point theorems have been proved by many
researcher in framework of fuzzy metric spaces via implicit
relations (see [5,21,37]).
In ﬁxed point theory, implicit relations are utilized to cover
several contraction conditions in one go rather than proving a
separate theorem for each contraction condition. In 2005,
Singh and Jain [5] proved common ﬁxed point theorems for
semi-compatible mappings in fuzzy metric spaces satisfying
an implicit function. Recently, Gopal et al. [24] deﬁned two
independent classes of implicit functions and obtained some
ﬁxed point results for two pairs of weakly compatible map-
pings satisfying common property (E.A).
In this paper, utilizing the implicit functions of Gopal et al.
[24], we prove ﬁxed point theorems for two pairs of weakly
compatible mappings employing common limit range prop-
erty. In process, many known results (especially the ones con-
tained in Gopal et al. [24]) are enriched and improved. Some
related results are also derived besides furnishing illustrative
examples.
2. Preliminaries
Deﬁnition 2.1 [38]. A binary operation  : ½0; 1  ½0; 1 !
½0; 1 is a continuous t-norm if it satisﬁes the following
conditions:
(1)  is associative and commutative,
(2)  is continuous,
(3) a  1 ¼ a for every a 2 ½0; 1,
(4) a  b 6 c  d if a 6 c and b 6 d for all a; b; c; d 2 ½0; 1.Three typical examples of continuous t-norms are minimum
t-norm, that is, a  b ¼ minfa; bg, product t-norm, that is,
a  b ¼ ab and Lukasievicz t-norm, that is, a  b ¼ max
faþ b 1; 0g.
Deﬁnition 2.2 [39]. Let X be any set. A fuzzy set in X is a
function with domain X and values in ½0; 1.
Deﬁnition 2.3 [3]. A triplet ðX;M; Þ is a fuzzy metric space
whenever X is an arbitrary set,  is a continuous t-norm, and
M is a fuzzy set on X X ð0;þ1Þ satisfying the following
conditions: for every x; y; z 2 X and s; t > 0
(1) Mðx; y; tÞ > 0,
(2) Mðx; y; tÞ ¼ 1 if and only if x ¼ y,
(3) Mðx; y; tÞ ¼ Mðy; x; tÞ,
(4) Mðx; z; t þ sÞP Mðx; y; tÞ Mðy; z; sÞ,
(5) Mðx; y; Þ : ð0;þ1Þ ! ð0; 1 is continuous.
Note that Mðx; y; tÞ can be realized as the measure of near-
ness between x and y with respect to t. It is known that
Mðx; y; Þ is non-decreasing for all x; y 2 X. Let ðX;M; Þ be
a fuzzy metric space. For t > 0, the open ball Bðx; r; tÞ with
center x 2 X and radius 0 < r < 1 is deﬁned by
Bðx; r; tÞ ¼ fy 2 X : Mðx; y; tÞ > 1 rg. Now, the collection
fBðx; r; tÞ : x 2 X; 0 < r < 1; t > 0g is a neighborhood system
for a topology s on X induced by the fuzzy metric M. This
topology is Hausdorff and ﬁrst countable.
Deﬁnition 2.4 [3]. A sequence fxng in X converges to x if and
only if for each  > 0 and each t > 0, there exists n0 2 N such
that Mðxn; x; tÞ > 1  for all nP n0.
In the following example, we know that every metric
induces a fuzzy metric:
Example 2.1 [3]. Let ðX; dÞ be a metric space. We deﬁne
a  b ¼ ab for all a; b 2 ½0; 1 and let Md be a fuzzy set on
X2  ð0;þ1Þ deﬁned as follows:
Mdðx; y; tÞ ¼ t
tþ dðx; yÞ :
Then ðX;Md; Þ is a fuzzy metric space and the fuzzy metric
M induced by the metric d is often referred to as the standard
fuzzy metric. The fuzzy metric space ðX;Md; Þ is complete if
and only if the metric space ðX; dÞ is complete.
Deﬁnition 2.5 [4]. A pair ðA;SÞ of self-mappings of a fuzzy
metric space ðX;M; Þ is said to be compatible if and only if
MðASxn;SAxn; tÞ ! 1 for all t > 0, whenever fxng is a
sequence in X such that Axn;Sxn ! z for some z 2 X as
n!1.
Deﬁnition 2.6 [40]. A pair ðA;SÞ of self-mappings of a non-
empty set X is said to be weakly compatible (or coincidentally
commuting) if they commute at their coincidence points, that
is, if Az ¼ Sz some z 2 X, then ASz ¼ SAz.
Remark 2.1 [40]. Two compatible self-mappings are weakly
compatible, but the converse is not true. Therefore the concept
of weak compatibility is more general than that of
compatibility.
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metric space ðX;M; Þ is said to satisfy the property (E.A), if
there exists a sequence fxng in X for some z 2 X such thatlim
n!1
Axn ¼ lim
n!1
Sxn ¼ z;
for some z 2 X.
Deﬁnition 2.8 [22]. A pair ðA;SÞ of self-mappings of a fuzzy
metric space ðX;M; Þ is said to be non-compatible if and only
if there exists at least one sequence fxng in X such that
limn!1Axn ¼ limn!1Sxn ¼ z for some z 2 X, but for some
t > 0; limn!1MðASxn;SAxn; tÞ is either less than 1 or non-
existent.
Deﬁnition 2.9 [22]. Two pairs ðA;SÞ and ðB;TÞ of self-map-
pings of a fuzzy metric space ðX;M; Þ are said to satisfy the
common property (E.A), if there exist two sequences
fxng; fyng in X such thatlim
n!1
Axn ¼ lim
n!1
Sxn ¼ lim
n!1
Byn ¼ lim
n!1
Tyn ¼ z;
for some z 2 X.
Deﬁnition 2.10 [29]. A pair ðA;SÞ of self-mappings of a fuzzy
metric space ðX;M; Þ is said to satisfy the common limit range
property with respect to mapping S (brieﬂy, ðCLRSÞ property),
if there exists a sequence fxng in X such thatlim
n!1
Axn ¼ lim
n!1
Sxn ¼ z;
where z 2 SðXÞ.
Deﬁnition 2.11 [30]. Two pairs ðA;SÞ and ðB;TÞ of self-map-
pings of a fuzzy metric space ðX;M; Þ are said to satisfy the
common limit range property with respect to mappings S
and T (brieﬂy, ðCLRSTÞ property), if there exist two sequences
fxng; fyng in X such thatlim
n!1
Axn ¼ lim
n!1
Sxn ¼ lim
n!1
Byn ¼ lim
n!1
Tyn ¼ z;
where z 2 SðXÞ \ TðXÞ.
Deﬁnition 2.12 [41]. The pair ðA1A2 . . .Am;S1S2 . . .SnÞ of two
families of self-mappings fAigmi¼1 and fSkgnk¼1 are said to be
pairwise commuting if
(1) AiAj ¼ AjAi for all i; j 2 f1; 2; . . . ;mg,
(2) SkSl ¼ SlSk for all k; l 2 f1; 2; . . . ; ng,
(3) AiSk ¼ SkAi for all i 2 f1; 2; . . . ;mg and k 2 f1; 2; . . . ; ng.
Lemma 2.1 [4]. Let ðX;M; Þ be a fuzzy metric space with
t  tP t for all t 2 ½0; 1. If there exists a constant k 2 ð0; 1Þ
such thatMðx; y; ktÞPMðx; y; tÞ;
for all x; y 2 X, then x ¼ y.3. Implicit relations
In 2005, Singh and Jain [5] deﬁned the following class of a
implicit function.
Let U be the set of all real continuous functions
/ : ½0; 14 ! R, non-decreasing in ﬁrst argument and satisfy:
ð/1Þ for u; vP 0;/ðu; v; u; vÞP 0, or /ðu; v; v; uÞP 0 implies
that uP v,
ð/2Þ /ðu; u; 1; 1ÞP 0 implies that uP 1.Example 3.1. Deﬁne / : ½0; 14 ! R as /ðt1; t2; t3; t4Þ ¼ 15t1
13t2 þ 5t3  7t4. Then, / 2 U.
Since then, Imdad and Ali [37] introduced a new class of
implicit function.
Let W denotes the family of all continuous functions
w : ½0; 14 ! R satisfying the following conditions:
ðw1Þ for every u > 0; vP 0 with wðu; v; u; vÞP 0 or
wðu; v; v; uÞP 0, we have u > v,
ðw2Þ wðu; u; 1; 1Þ < 0, for each 0 < u < 1.
Example 3.2 [37]. Deﬁne w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  uðminft2; t3; t4gÞ, where u : ½0; 1 ! ½0; 1 is a continuous
function such that uðsÞ > s for 0 < s < 1. Then, w 2 W.
Example 3.3 [37]. Deﬁne w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  kminft2; t3; t4g, where k > 1. Then, w 2 W.
Example 3.4 [37]. Deﬁne w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  kt2 minft3; t4g, where k > 0. Then, w 2 W.
Example 3.5 [37]. Deﬁne w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  at2  bt3  ct4, where a > 1 and b; cP 0; ðb; c – 1Þ. Then,
w 2 W.
Example 3.6 [37]. Deﬁne w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  at2  bðt3 þ t4Þ, where a > 1 and 0 6 b < 1. Then, w 2 W.
Example 3.7 [37]. Deﬁne w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t31  kt2t3t4, where k > 1. Then, w 2 W.
In [37], it is also showed that the above mentioned classes of
functions / and w are independent.
4. Main results
We begin with the following observation.
Lemma 4.1. Let A;B;S and T be four self-mappings of a fuzzy
metric space ðX;M; Þ. Suppose that
(1) The pair ðA; SÞ satisﬁes the ðCLRSÞ property (or ðB; T Þ
satisﬁes the ðCLRT Þ property),
(2) AðX Þ  T ðX Þ (or BðX Þ  SðX Þ),
(3) T ðX Þ (or SðX Þ) is a closed subset of X,
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T ðynÞ converges (or AðxnÞ converges for every sequence
fxng in X whenever SðxnÞ converges),
(5) there exists w 2 W such that
wðMðAx;By; tÞ;MðSx;Ty; tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞÞP 0
ð4:1Þ
for all x; y 2 X and t > 0.
Then the pairs ðA;SÞ and ðB;TÞ enjoy the ðCLRSTÞ property.
Proof. Suppose that the pair ðA;SÞ enjoys the ðCLRSÞ prop-
erty, there exists a sequence fxng in X such that
lim
n!1
Axn ¼ lim
n!1
Sxn ¼ z;
where z 2 SðXÞ. Since AðXÞ  TðXÞ, for each sequence fxng
there exists a sequence fyng in X such that Axn ¼ Tyn. There-
fore, due to the closedness of TðXÞ,
lim
n!1
Tyn ¼ lim
n!1
Axn ¼ z;
where z 2 SðXÞ \ TðXÞ. Thus, we have Axn ! z;Sxn ! z and
Tyn ! z as n!1. By (4), the sequence fByng converges
and in all we need to show that Byn ! z as n!1. On the
contrary, Byn ! lð– zÞ as n!1. On using inequality (4.1)
with x ¼ xn; y ¼ yn, we have (for t > 0)
wðMðAxn;Byn; tÞ;MðSxn;Tyn; tÞ;MðAxn;Sxn; tÞ;
MðByn;Tyn; tÞÞP 0:
Taking the limit as n!1, we have
wðMðz; l; tÞ;Mðz; z; tÞ;Mðz; z; tÞ;Mðl; z; tÞÞP 0;
or, equivalently,
wðMðz; l; tÞ; 1; 1;Mðl; z; tÞÞP 0;
yielding thereby, Mðz; l; tÞ > 1, a contradiction (due to ðw1Þ).
Then we get, z ¼ l. Therefore, the pairs ðA;SÞ and ðB;TÞ enjoy
the ðCLRSTÞ property.
In case of ðB;TÞ satisﬁes the ðCLRTÞ property is similar to
previous case. Then, in order to avoid repetition, the details are
omitted. h
Remark 4.1. The converse of Lemma 4.1 is not true in general.
For a counter example, we refer to Example 4.1.
Theorem 4.1. Let A;B;S and T be four self-mappings of a fuzzy
metric space ðX;M; Þ satisfying inequality (4.1). Suppose that
the pairs ðA;SÞ and ðB;TÞ satisfy the ðCLRSTÞ property, then
the pairs ðA;SÞ and ðB;TÞ have a coincidence point each. More-
over, A;B;S and T have a unique common ﬁxed point provided
that both the pairs ðA;SÞ and ðB;TÞ are weakly compatible.
Proof. If the pairs ðA;SÞ and ðB;TÞ satisfy the ðCLRSTÞ prop-
erty, then there exist two sequences fxng and fyng in X such
that
lim
n!þ1
Axn ¼ lim
n!þ1
Sxn ¼ lim
n!þ1
Byn ¼ lim
n!þ1
Tyn ¼ z;where z 2 SðXÞ \ TðXÞ. Since z 2 SðXÞ, there exists a point
u 2 X such that Su ¼ z. We show that Au ¼ Su. Suppose
not, then putting x ¼ u and y ¼ yn in (4.1), we get
wðMðAu;Byn; tÞ;MðSu;Tyn; tÞ;MðAu;Su; tÞ;
MðByn;Tyn; tÞÞP 0
which on making n!1, reduces to
wðMðAu; z; tÞ;Mðz; z; tÞ;MðAu; z; tÞ;Mðz; z; tÞÞP 0;
and so,
wðMðAu; z; tÞ; 1;MðAu; z; tÞ; 1ÞP 0:
In view of ðw1Þ, we get MðAu; z; tÞ > 1, a contradiction.
Hence, Au ¼ z ¼ Su which shows that u is a coincidence point
of the pair ðA;SÞ.
Also z 2 TðXÞ, there exists a point v 2 X such that Tv ¼ z.
Next, we show that Bv ¼ Tv. If not, then using (4.1) with
x ¼ u; y ¼ v, we have (for t > 0)
wðMðAu;Bv; tÞ;MðSu;Tv; tÞ;MðAu;Su; tÞ;MðBv;Tv; tÞÞP 0;
or, equivalently,
wðMðz;Bv; tÞ;Mðz; z; tÞ;Mðz; z; tÞ;MðBv; z; tÞÞP 0;
and so
wðMðz;Bv; tÞ; 1; 1;MðBv; z; tÞÞP 0;
implying thereby, Mðz;Bv; tÞ > 1, a contradiction (due to
ðw1Þ). Hence Bv ¼ Tv which shows that v is a coincidence point
of the pair ðB;TÞ.
Since the pair ðA;SÞ is weakly compatible and Au ¼ Su,
hence Az ¼ ASu ¼ SAu ¼ Sz. We assert that Az ¼ z. Suppose
that Az– z, then putting x ¼ z and y ¼ v in (4.1), we get (for
t > 0)
wðMðAz;Bv; tÞ;MðSz;Tv; tÞ;MðAz;Sz; tÞ;MðBv;Tv; tÞÞP 0;
or, equivalently,
wðMðAz; z; tÞ;MðAz; z; tÞ; 1; 1ÞP 0;
which contradicts ðw2Þ. Then we have Az ¼ z ¼ Sz which
shows that z is a common ﬁxed point of the pair ðA;SÞ.
Also the pair ðB;TÞ is weakly compatible and Bv ¼ Tv, then
Bz ¼ BTv ¼ TBv ¼ Tz. Now we show that Bz ¼ z. If not, then
using (4.1) with x ¼ u; y ¼ z, we have
wðMðAu;Bz; tÞ;MðSu;Tz; tÞ;MðAu;Su; tÞ;MðBz;Tz; tÞÞP 0;
and so
wðMðz;Bz; tÞ;Mðz;Bz; tÞ; 1; 1ÞP 0;
a contradiction (due to ðw2Þ). Hence, Bz ¼ z ¼ Tz which shows
that z is a common ﬁxed point of the pair ðB;TÞ. Therefore, z is
a common ﬁxed point of the mappings A;B;S and T. The
uniqueness is a direct consequence of the inequality (4.1). This
concludes the proof. h
Remark 4.2. Theorem 4.1 improves the corresponding results
contained in Gopal et al. [24, Theorem 3.9]as closedness of
the underlying subspaces is not required.
338 S. Chauhan et al.Theorem 4.2. Let A;B;S and T be four self-mappings of a fuzzy
metric space ðX;M; Þ satisfying all the hypotheses of Lemma
4.1. Then the pairs ðA;SÞ and ðB;TÞ have a coincidence point
each. Moreover, A;B;S and T have a unique common ﬁxed point
provided that both the pairs ðA;SÞ and ðB;TÞ are weakly
compatible.
Proof. In view of Lemma 4.1, the pairs ðA;SÞ and ðB;TÞ enjoy
the ðCLRSTÞ property, there exist two sequences fxng and fyng
in X such that
lim
n!1
Axn ¼ lim
n!1
Sxn ¼ lim
n!1
Byn ¼ lim
n!1
Tyn ¼ z;
where z 2 SðXÞ \ TðXÞ. The rest of the proof runs on the lines
of the proof of Theorem 4.1. h
Example 4.1. Let ðX;M; Þ be a fuzzy metric space, where
X ¼ ½2; 19, with continuous t-norm  is deﬁned by a  b ¼ ab
for all a; b 2 ½0; 1 and
Mðx; y; tÞ ¼ t
tþ 1
 jxyj
for all x; y 2 X. Deﬁne the self-mappings A;B;S and T by
AðxÞ ¼ 2; if x 2 f2g [ ð3; 19;
3; if x 2 ð2; 3:
(
BðxÞ ¼ 2; if x 2 f2g [ ð3; 19;
2:5; if x 2 ð2; 3:
(
SðxÞ ¼
2; if x ¼ 2;
10; if x 2 ð2; 3;
xþ77
40
; if x 2 ð3; 19:
8><
>:
TðxÞ ¼
2; if x ¼ 2;
13; if x 2 ð2; 3Þ;
14; if x ¼ 3;
xþ77
40
; if x 2 ð3; 19:
8>><
>>:
Also, deﬁne implicit function w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  uðminft2; t3; t4gÞ, where uðsÞ ¼
ﬃﬃ
s
p
.
It is noted that
AðXÞ ¼ f2; 3gå ½2; 2:4 [ f13; 14g ¼ TðXÞ
and
BðXÞ ¼ f2; 2:5gå ½2; 2:4 [ f10g ¼ SðXÞ:
Theorem 4.2 is not applicable to this example as AðXÞåTðXÞ
and BðXÞåSðXÞ.
Taking fxng ¼ 3þ 1n
 
; fyng ¼ f2g or fxng ¼ f2g; fyng ¼
3þ 1n
 
. It obtain that
lim
n!1
Axn ¼ lim
n!1
Sxn ¼ lim
n!1
Byn ¼ lim
n!1
Tyn ¼ 2 2 SðXÞ \ TðXÞ:
which shows that the pairs ðA;SÞ and ðB;TÞ enjoy the
ðCLRSTÞ property.
Next, we show that the following inequality holds:
MðAx;By; tÞP
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
minfMðSx;Ty; tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞg
p
ð4:2Þfor all x; y 2 X and t > 0. Deﬁne
ðIÞ : x ¼ 2
ðIIÞ : x 2 ð2; 3Þ
ðIIIÞ : x ¼ 3
ðIVÞ : x 2 ð3; 19
8>><
>>:
and
ðiÞ : y ¼ 2
ðiiÞ : y 2 ð2; 3Þ
ðiiiÞ : y ¼ 3
ðivÞ : y 2 ð3; 19
8>><
>>:
There are 16 possibilities which are ðI; iÞ; ðI; iiÞ; ðI; iiiÞ; ðI; ivÞ;
ðII; iÞ; ðII; iiÞ; ðII; iiiÞ; ðII; ivÞ; ðIII; iÞ; ðIII; iiÞ; ðIII; iiiÞ; ðIII; ivÞ;
ðIV; iÞ; ðIV; iiÞ; ðIV; iiiÞ and ðIV; ivÞ.
Case (1) If ðI ; iÞ holds, we have the inequality (4.2) holds.
Case (2) If ðI ; iiÞ holds, we have
MðAx;By; tÞ¼ t
tþ1
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P
t
tþ1
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minfMðSx;Ty; tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞg
p
:
Case (3) If ðI ; iiiÞ holds, we have
MðAx;By; tÞ¼ t
tþ1
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minfMðSx;Ty; tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞg
p
:
Case (4) If ðI ; ivÞ holds, we have the inequality (4.2) holds.
Case (5) If ðII; iÞ holds, we have
MðAx;By; tÞ¼ t
tþ1
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minfMðSx;Ty; tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞg
p
:
Case (6) If ðII; iiÞ holds, we have
MðAx;By; tÞ¼ t
tþ1
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minfMðSx;Ty; tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞg
p
:
Uniﬁed ﬁxed point theorems for mappings in fuzzy metric spaces via implicit relations 339Case (7) If ðII ; iiiÞ holds, we have
MðAx;By;tÞ¼ t
tþ1
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minfMðSx;Ty;tÞ;MðAx;Sx;tÞ;MðBy;Ty;tÞg
p
:
Case (8) If ðII ; ivÞ holds, we have
MðAx;By;tÞ¼ t
tþ1
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tþ1
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minfMðSx;Ty;tÞ;MðAx;Sx;tÞ;MðBy;Ty;tÞg
p
:
Case (9) This case corresponding to ðIII ; iÞ is as to Case 5.
Case (10) This case corresponding to ðIII ; iiÞ is as to Case 6.
Case (11) This case corresponding to ðIII ; iiiÞ is as to Case 7.
Case (12) If ðIII ; ivÞ holds, we have
MðAx;By;tÞ¼ t
tþ1
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minfMðSx;Ty;tÞ;MðAx;Sx;tÞ;MðBy;Ty;tÞg
p
:
Case (13) If ðIV ; iÞ holds, we have the inequality (4.2) holds.
Case (14) If ðIV ; iiÞ holds, we have
MðAx;By;tÞ¼ t
tþ1
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minfMðSx;Ty;tÞ;MðAx;Sx;tÞ;MðBy;Ty;tÞg
p
:
Case (15) If ðIV ; iiiÞ holds, we have
MðAx;By;tÞ¼ t
tþ1
 0:5
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t
tþ1
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minfMðSx;Ty;tÞ;MðAx;Sx; tÞ;MðBy;Ty; tÞg
p
:Case (16) If ðIV ; ivÞ holds, we have the inequality (4.2)
holds.
Therefore, inequality (4.2) holds for all x; y 2 X.
Also, the pairs ðA;SÞ and ðB;TÞ commute at 2 which is
their common coincidence point. Thus all the conditions of
Theorem 4.1 are satisﬁed and 2 is the unique common ﬁxed
point of the pairs ðA;SÞ and ðB;TÞ which also remains a point
of coincidence as well. Also, notice that some mappings in this
example are even discontinuous at their unique common ﬁxed
point 2.
Example 4.2. In the setting of Example 4.1, replace the self-
mappings A;B;S and T by the following besides retaining
the rest:
AðxÞ ¼ 2; if x 2 f2g [ ð3; 19;
3; if x 2 ð2; 3:

BðxÞ ¼ 2; if x 2 f2g [ ð3; 19;
4; if x 2 ð2; 3:

SðxÞ ¼
2; if x ¼ 2;
14; if x 2 ð2; 3;
xþ1
2
; if x 2 ð3; 19:
8><
>:
TðxÞ ¼
2; if x ¼ 2;
11þ x; if x 2 ð2; 3;
xþ1
2
; if x 2 ð3; 19:
8><
>:
Also, deﬁne implicit function w : ½0; 14 ! R as wðt1; t2; t3; t4Þ ¼
t1  uðminft2; t3; t4gÞ, where uðsÞ ¼
ﬃﬃ
s
p
.
It is noted that
AðXÞ ¼ f2; 3g  ½2; 10 [ ð13; 14 ¼ TðXÞ
and
BðXÞ ¼ f2; 4g  ½2; 10 [ f14g ¼ SðXÞ:
Taking fxng ¼ 3þ 1n
 
; fyng ¼ f2g or fxng ¼ f2g; fyng ¼
3þ 1
n
 
. It obtain that
lim
n!1
Byn ¼ lim
n!1
Tyn ¼ 2 2 TðXÞ:
which shows that the pair ðB;TÞ enjoy the ðCLRTÞ property.
Similar to Example 4.1, one can easily verify the inequality
(4.1). Also, the pairs ðA;SÞ and ðB;TÞ commute at 2 which is
their common coincidence point. Thus all the conditions of
Theorem 4.2 are satisﬁed and 2 is the unique common ﬁxed
point of the pairs ðA;SÞ and ðB;TÞ which also remains a point
of coincidence as well. Also, notice that some mappings in this
example are even discontinuous at their unique common ﬁxed
point 2.
Corollary 4.1. The conclusions of Lemma 4.1, Theorems 4.1 and
4.2 remain true if inequality (4.1) is replaced by one of the fol-
lowing contraction conditions: For all x; y 2 X and t > 0
MðAx;By; tÞP uðminfMðSx;Ty; tÞ;MðAx;Sx; tÞ;
MðBy;Ty; tÞgÞ; ð4:3Þ
where u : ½0; 1 ! ½0; 1 is a continuous function such that
uðsÞ > s for 0 < s < 1.
340 S. Chauhan et al.MðAx;By; tÞP kðminfMðSx;Ty; tÞ;MðAx;Sx;tÞ;MðBy;Ty;tÞgÞ;
ð4:4Þ
where k > 1.
MðAx;By; tÞP kMðSx;Ty; tÞ
þminfMðAx;Sx; tÞ;MðBy;Ty; tÞg; ð4:5Þ
where k > 0.
MðAx;By; tÞP aMðSx;Ty; tÞ þ bMðAx;Sx; tÞ
þ cMðBy;Ty; tÞ; ð4:6Þ
where a > 1 and b; cP 0ðb; c – 1Þ.
MðAx;By; tÞP aMðSx;Ty; tÞ þ b½MðAx;Sx; tÞ
þMðBy;Ty; tÞ; ð4:7Þ
where a > 1 and 0 6 b < 1.
MðAx;By; tÞP kMðSx;Ty; tÞMðAx;Sx; tÞMðBy;Ty; tÞ;
ð4:8Þ
where k > 1.
Proof. The proof of each inequality (4.3)–(4.8) easily follows
from Theorem 4.1 in view of Examples 3.2, 3.3, 3.4, 3.7. h
Now we state our next theorem by using an implicit func-
tion due to Singh and Jain [5].
Theorem 4.3. Let A;B;S and T be four self-mappings of a fuzzy
metric space ðX;M; Þ satisfying
/ðMðAx;By; ktÞ;MðSx;Ty; tÞ;MðAx;Sx; tÞ;
MðBy;Ty; ktÞÞP 0; ð4:9Þ
/ðMðAx;By; ktÞ;MðSx;Ty; tÞ;MðAx;Sx; ktÞ;
MðBy;Ty; tÞÞP 0: ð4:10Þ
for all x; y 2 X;/ 2 U; k 2 ð0; 1Þ and t > 0. Suppose that the
pairs ðA;SÞ and ðB;TÞ satisfy the ðCLRSTÞ property, then the
pairs ðA;SÞ and ðB;TÞ have a coincidence point each. Further,
A;B;S and T have a unique common ﬁxed point provided that
both the pairs ðA;SÞ and ðB;TÞ are weakly compatible.
Proof. The proof of this theorem can be completed on the
lines of the proof of Theorem 4.1 (in view of Lemma 2.1).
Due to paucity of the space, we omitted the details. h
By putting A;B;S and T suitably in earlier proved results,
one can drive a multitude of common ﬁxed point theorems
for a pair or triod of mappings. As a sample, we get the follow-
ing natural result for a pair of self-mappings.
Corollary 4.2. Let A and S be two self-mappings of a fuzzy
metric space ðX;M; Þ. Suppose the following:
(1) the pair ðA; SÞ enjoys the ðCLRSÞ property,
(2) there exists w 2 W such that
wðMðAx;By; tÞ;MðSx;Ty; tÞ;MðAx;Sx; tÞ;
MðBy;Ty; tÞÞP 0; ð4:11Þfor all x; y 2 X and t > 0. Then A and S have a coincidence
point. Further, A and S have a unique common ﬁxed point pro-
vided that the pair ðA; SÞ is weakly compatible.
As an application of Theorem 4.2, we have the following
result involving four ﬁnite families of self-mappings.
Theorem 4.4. Let fAigmi¼1; fBrgnr¼1; fSkgpk¼1 and fTggqg¼1 be four
self-mappings of a fuzzy metric space ðX;M; Þ such that
A ¼ A1A2 . . .Am;B ¼ B1B2 . . .Bn;S ¼ S1S2 . . .Sp and
T ¼ T1T2 . . .Tq which satisfy the inequality (4.1). If the pairs
ðA;SÞ and ðB;TÞ enjoy the ðCLRSTÞ property, then ðA;SÞ and
ðB;TÞ have a coincidence point each. Moreover,
fAigmi¼1; fBrgnr¼1; fSkgpk¼1 and fTggqg¼1 have a unique common
ﬁxed point provided the pairs ðA1A2 . . .Am;S1S2 . . .SpÞ and
ðB1B2 . . .Bn;T1T2 . . .TqÞ commute pairwise.
Proof. The proof of this theorem is similar to that of Theo-
rem 4.1 contained in Imdad et al. [41], hence details are omit-
ted. h
The importance of Theorem 4.4 is that it can be utilized to
derive common ﬁxed point theorems for any ﬁnite number of
mappings. As a sample for ﬁve mappings, we can derive the
following by setting one family of two members while the
remaining three of single members:
Corollary 4.3. Let A;B;R;S and T be ﬁve self-mappings of a
fuzzy metric space ðX;M; Þ. Suppose that
(1) the pairs ðA; SRÞ and ðB; T Þ satisfy the ðCLRðSRÞðT ÞÞ
property,
(2) there exists w 2 W such that
wðMðAx;By; tÞ;MðSRx;Ty; tÞ;MðAx;SRx; tÞ;
MðBy;Ty; tÞÞP 0; ð4:12Þ
for all x; y 2 X and t > 0. Then the pairs ðA; SRÞ and ðB; T Þ have
a coincidence point each. Moreover, A;B;R; S and T have a
unique common ﬁxed point provided the pairs ðA; SRÞ and
ðB; T Þ commute pairwise (i.e., AS ¼ SA;AR ¼ RA; SR ¼ RS
and BT ¼ TB).
Similarly, we can derive a common ﬁxed point theorem for
six self-mappings by setting two families of two members while
the rest two of single members:
Corollary 4.4. Let A;B;S;R;T and H be six self-mappings of a
fuzzy metric space ðX;M; Þ. Suppose that
(1) the pairs ðA; SRÞ and ðB; THÞ satisfy the ðCLRðSRÞðTHÞÞ
property,
(2) there exists w 2 W such that
wðMðAx;By; tÞ;MðSRx;THy; tÞ;MðAx;SRx; tÞ;
MðBy;THy; tÞÞP 0; ð4:13Þ
for all x; y 2 X and t > 0. Then the pairs ðA; SRÞ and ðB; THÞ
have a coincidence point each. Further, A;B;R; S;H and T have
a unique common ﬁxed point provided the pairs ðA; SRÞ and
ðB; THÞ commute pairwise (i.e., AS ¼ SA;AR ¼ RA; SR ¼ RS;
BT ¼ TB;BH ¼ HB and TH ¼ HT).
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Bn ¼ B;S1 ¼ S2 ¼    ¼ Sp ¼ S and T1 ¼ T2 ¼    ¼ Tq ¼ T
in Theorem 4.4, we deduce the following:
Corollary 4.5. Let A;B;S and T be four self-mappings of a
fuzzy metric space ðX;M; Þ such that the pairs ðAm;SpÞ and
ðBn;TqÞ (wherein m; n; p; q are ﬁxed positive integers) satisfy
the ðCLRSp;TqÞ property. Suppose that there exists w 2 W such
that
wðMðAmx;Bny; tÞ;MðSpx;Tqy; tÞ;MðAmx;Spx; tÞ;
MðBny;Tqy; tÞÞP 0; ð4:14Þ
for all x; y 2 X and t > 0. Then the pairs ðA;SÞ and ðB;TÞ have
a coincidence point each. Further, A;B;S and T have a unique
common ﬁxed point provided both the pairs ðAm;SpÞ and
ðBn;TqÞ commute pairwise.References
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